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Cyclic Groups 

𝑮 =< 𝒂 >=  
𝒂𝒏    𝒊𝒇     .    𝒆𝒙:   𝑼 𝟏𝟎 =< 3 ≥  𝟑𝒏  𝒏𝝐𝒁 =  𝟑𝟎, 𝟑𝟏𝟑𝟐𝟑

𝟑 
 

𝒏𝒂    𝒊𝒇     +   𝒆𝒙:  𝒁𝟒 =< 1 >=  𝒏𝟏 ∶ 𝒏𝝐𝒁 =  𝟎, 𝟏, 𝟐, 𝟑 
  

 

Properties of a Cyclic Groups 

Examples Properties  
𝒆𝒙: 𝑰𝒏  𝒁, +  ∀ 𝟎 ≠ 𝒂 ∈ 𝒁:  𝒂 =∞ 

So for 𝟐𝟑 = 𝟐𝒋    ⟺   𝒋 = 𝟑 
 𝒂 = ∞ ⟹ 𝒂𝒊 = 𝒂𝒋    ⟺   𝒊 = 𝒋    1. 

𝒆𝒙𝟏:  𝑼 𝟏𝟎 , .  ,  𝟗 = 𝟐, 𝒕𝒉𝒆𝒏   
< 𝟗 >=  𝒆, 𝒂𝟏   =  𝟏, 𝟗   

𝒆𝒙𝟐: (𝒁𝟔, +)   𝟐 = 𝟑 𝒕𝒉𝒆𝒏  
< 2 >=  𝒆, 𝒂, 𝟐𝒂 = {𝟎, 𝟐, 𝟒}  

 𝒂 = 𝒏, 𝒕𝒉𝒆𝒏  

< 𝑎 > =  

 𝒆, 𝒂, … , 𝒂𝒏−𝟏   𝒇𝒐𝒓    .           

{𝒆, 𝟐𝒂,… ,  𝒏 − 𝟏 𝒂} 𝒇𝒐𝒓 (+)

               

 

2. 

(𝒁𝟔, +)   𝟐 = 𝟑 ,                              
𝟐 𝟐 = 𝟒, 𝟐𝟎 𝟐 = 𝟒   
𝒕𝒉𝒆𝒏 𝟑 𝟐 − 𝟐𝟎   

 𝒂 = 𝒏 ⟹ 𝒂𝒊 = 𝒂𝒋    ⟺   𝒏 𝒊 − 𝒋   3. 

(𝒁𝟔, +)   𝟐 = 𝟑 𝒕𝒉𝒆𝒏  
< 2 >=  𝒆, 𝒂, 𝟐𝒂 = {𝟎, 𝟐, 𝟒} 
 < 2 > = 𝟑 

 𝒂 =  < 𝑎 >   4. 

(𝒁𝟔, +)   𝟐 = 𝟑 𝒕𝒉𝒆𝒏  
𝟔 𝟐 = 𝟎, 𝟏𝟐 𝟐 = 𝟎                  
⟹ 𝟑 𝟔 , 𝟑 𝟏𝟐                      

 𝒂 = 𝒏 𝒂𝒏𝒅 𝒂𝒌 = 𝒆 ⟹  𝒂      𝒌   5. 

 𝒂 = 𝟑𝟎,  
𝒕𝒉𝒆𝒏 < 𝒂𝟐𝟔 >=< 𝒂𝟐 >     
 𝒔𝒊𝒏𝒄𝒆  𝒈𝒄𝒅 𝟑𝟎, 𝟐𝟔  = 𝟐            

And   𝒂𝟐𝟔 =
𝟑𝟎

𝟐
= 𝟏𝟓 

𝑳𝒆𝒕  𝒂 = 𝒏, 𝒕𝒉𝒆𝒏 < 𝒂𝒌 >=< 𝒂𝒈𝒄𝒅 𝒏,𝒌 >              

And   𝒂𝒌 =
𝒏

𝒈𝒄𝒅(𝒏,𝒌)
  

6. 

From ex.6 above,  
 𝒂 = 𝟑𝟎,  
𝒕𝒉𝒆𝒏 < 𝒂𝟐𝟔 >=< 𝒂𝟐 > ⟺    
𝒈𝒄𝒅 𝟑𝟎, 𝟐𝟔  = 𝒈𝒄𝒅 𝟑𝟎, 𝟐 = 𝟐   

And   𝒂𝟐𝟔 =  𝒂𝟐 =
𝟑𝟎

𝟐
= 𝟏𝟓 

 

𝑳𝒆𝒕  𝒂 = 𝒏, 𝒕𝒉𝒆𝒏 < 𝒂𝒊 >=< 𝒂𝒋 >  ⟺ 𝑔𝑐𝑑 𝒏, 𝒊 
= 𝒈𝒄𝒅(𝒏, 𝒋)            

And   𝒂𝒊 =  𝒂𝒋 ⟺ 𝒈𝒄𝒅 𝒏, 𝒊 = 𝒈𝒄𝒅(𝒏, 𝒋)               

 

7. 
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Examples Properties  

 𝑼 𝟏𝟎 , .  ,  𝟗 = 𝟐, 𝒕𝒉𝒆𝒏   
< 𝟗 >=  𝟏, 𝟗  
 𝒈𝒄𝒅 𝟐, 𝟑 = 𝟏 ⟹< 𝟗𝟑 ≥< 𝟗 > 

< 𝟗𝟑 >=  𝟗𝟑
𝟎
, 𝟗𝟑

𝟏
 = {𝟏, 𝟗} 

 𝟗  =  < 9𝟑 >  

 𝒈𝒄𝒅 𝟐, 𝟓 = 𝟏 ⟹< 𝟗𝟓 >=< 𝟗 > 

𝑳𝒆𝒕  𝒂 = 𝒏, < 𝒂 >=< 𝒂𝒋 > ⟺ 𝒈𝒄𝒅 𝒏, 𝒋 = 𝟏 

And   𝒂  =  < 𝑎𝒋 > ⟺ 𝒈𝒄𝒅 𝒏, 𝒋 = 𝟏    

8. 

𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒍𝒍 𝒈𝒆𝒏𝒆𝒓𝒂𝒕𝒐𝒓𝒔 𝒐𝒇 𝒁𝟏𝟎? 
𝒁𝟏𝟎 =< 1 >=< 3 >=< 7 >=< 9 > 

𝒌 is a generator of 𝒁𝒏  ⟺ 𝒈𝒄𝒅 𝒏, 𝒌 = 𝟏       9. 

Clearly Every subgroup of a cyclic group is cyclic 10. 

Lagrange's  Theorem   𝑮 = 𝒏, ∀ 𝑯 ≤ 𝑮,  𝑯     𝑮      11. 

𝑼 𝟏𝟎 =< 𝟑 >,  𝑼(𝟏𝟎) = 𝟒, 𝟐 𝟒    
 𝒔𝒐 ∃ 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝑯 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 𝟐 

𝒂𝒏𝒅 𝑯 =< 𝟑
𝟒
𝟐 >=< 𝟗 >=  𝟏, 𝟗   

 𝑮 =  < 𝑎 > = 𝒏, 𝒇𝒐𝒓 𝒆𝒂𝒄𝒉 𝒅𝒊𝒗𝒊𝒔𝒐𝒓 𝒌 𝒏  
𝑮  𝒉𝒂𝒔 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝑯 𝒔. 𝒕.  𝑯 = 𝒌    

𝒂𝒏𝒅      𝑯 =< 𝒂
𝒏
𝒌 >                            

12. 

 𝒁𝟏𝟎 =  < 1 > = 𝟏𝟎 
𝒂𝒔 𝟐 𝟏𝟎,   𝒂𝒏𝒅    𝟓 𝟏𝟎   
∃ 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝑯 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 𝟐 

 𝒘𝒉𝒊𝒄𝒉 is  

𝑯 =< 𝟏𝟎
𝟐 >=< 𝟓 >=  𝟎, 𝟓  

∃ 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝑲 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 𝟓 
 𝒘𝒉𝒊𝒄𝒉 is  

𝑲 =< 𝟏𝟎
𝟓 >=< 𝟐 >=  𝟎, 𝟐, 𝟒, 𝟔, 𝟖  

 

Special Case of 12 for 𝑮 = 𝒁𝒏:  
 

 𝒁𝒏 =  < 1 > = 𝒏 , 𝒇𝒐𝒓 𝒆𝒂𝒄𝒉 𝒅𝒊𝒗𝒊𝒔𝒐𝒓 𝒌 𝒏 ,   
𝒁𝒏  𝒉𝒂𝒔 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝑯 𝒔. 𝒕.  𝑯 = 𝒌       
𝒂𝒏𝒅      𝑯 =< 𝒏

𝒌 >    

13. 

𝝓 𝟏𝟎 =  𝑼 𝟏𝟎  = 𝟒 
 

𝝓 𝒏 =  𝑼 𝒏  
= 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 + 𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔 

𝒍𝒆𝒔𝒔 𝒕𝒉𝒂𝒏 𝒏 𝒂𝒏𝒅 𝒓𝒆𝒍𝒂𝒕𝒊𝒗𝒆𝒍𝒚 𝒑𝒓𝒊𝒎𝒆 𝒕𝒐 𝒏. 

14. 

Ex: Find the number of elements of 
order 9 in 𝒁𝟕𝟎, 𝒁𝟓𝟎𝟓𝟔 ? 
= 𝝓(𝟗)=6 
 

 𝑮 =  < 𝑎 > = 𝒏 𝒊𝒇 𝒅   𝒏,   𝒕𝒉𝒆𝒏   
𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 𝒅

= 𝝓(𝒅) 

15. 

 𝑭𝒐𝒓 𝒂𝒓𝒃𝒊𝒕𝒓𝒂𝒓𝒚 𝒈𝒓𝒐𝒖𝒑 𝑮 ,  𝑮 = 𝒏,  
𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 𝒅 
𝒊𝒔   𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝝓(𝒅)                   

16. 

 


